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Synthesis of separable controlled invariant sets for modular local
control design
Petter Nilsson and Necmiye Ozay
Abstract— Many correct-by-construction control synthesis
methods suffer from the curse of dimensionality. Motivated
by this challenge, we seek to reduce a correct-by-construction
control synthesis problem to subproblems of more modest
dimension. As a step towards this goal, in this paper we
consider the problem of synthesizing decoupled robustly con-
trolled invariant sets for dynamically coupled linear subsystems
with state and input constraints. Our approach, which gives
sufficient conditions for decoupled invariance, is based on
optimization over linear matrix inequalities which are obtained
using slack variable identities. We illustrate the applicability of
our method on several examples, including one where we solve
local control synthesis problems in a compositional manner.
I. INTRODUCTION
Distributed embedded control systems are already integral
parts of many safety-critical systems, including those in
avionics [1], [2], automotive [3], electricity generation and
distribution [4], and medical equipment [5]. Due to increas-
ing complexity and integration of a large number of compo-
nents and subsystems, certification of safety and performance
properties of such systems constitutes a bottleneck in terms
of design time. This burden can be partially alleviated by
adopting formal methods-based verification and correct-by-
construction control synthesis techniques [6].
A fundamental property related to safety is invariance
[7]. In this paper, we consider the problem of synthesizing
polytopic controlled invariant sets for distributed systems
consisting of a set of linear constrained subsystems. We
assume that each subsystem has its own controller that has
some local sensing capabilities and that is required to achieve
a local safety specification, while there is coupling between
subsystems through the dynamics. Our goal is to synthesize
a separable controlled invariant set, which essentially is
a cross-product of local invariant sets for the subsystems.
The behaviors of the subsystems can then be decoupled as
long as their states are constrained to these sets. As such,
it is possible to compositionally synthesize more advanced
controllers (for instance, from temporal logic specifications,
or using model predictive control) within these sets.
Compositional approaches have attracted considerable at-
tention in recent years in the context of verification of
stability [8], safety [9], and performance [10] specifications
of dynamical systems. The results on compositional synthesis
are mostly limited to linear systems. Our work also falls into
this category and is tightly related to the compositional syn-
thesis approaches proposed for finding ellipsoidal controlled
invariant sets for linear systems to be used as terminal sets
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in model predictive control [11], [12], [13], [14]. Instead
of searching for ellipsoidal invariant sets, we search for
polytopic invariant sets with tunable complexity. Polytopic
sets are more commonly used in temporal logic-based control
synthesis techniques [15], [16], [17], [18]. Therefore, our
approach constitutes a first step in extending some of these
techniques to the distributed setting.
Our main contribution is to demonstrate how local in-
variant sets can be used to separately synthesize local
controllers to achieve local tasks while still guaranteeing
correctness when these controllers are composed together.
This is achieved by (i) synthesizing feedback controllers that
render a subset of the state-space of each subsystem robustly
invariant, (ii) extracting the set of allowable inputs that will
keep these sets invariant even when the feedback controllers
are discarded, and (iii) solving a local synthesis problem
with complex task specifications, for instance, expressed in
temporal logics, with the new state and input constraints.
For the first step we build on recent results on low com-
plexity polytopic invariant set computation. In particular, we
extend the results in [19] from the centralized setting to the
decentralized setting and allow synthesis of local invariant
sets in the form of arbitrary zonotopes, where the number of
generators is an input to our method, as opposed to linearly
transformed hyper boxes as in [19]. Although conceptually
simple, the computation of these local invariant sets is far
from trivial, as it requires solving a non-convex feasibility
problem. In order to overcome this difficulty, we resort to
slack variable based relaxations and provide linear matrix
inequality (LMI)-based sufficient conditions for computing
these invariant sets.
We have structured this paper in the following way. After
giving preliminaries on notation and three key results from
[19] in Section II, we formally introduce the decoupled
invariance problem in Section III. Next, we present the
main results of this paper in Section IV and discuss where
conservativeness is introduced. We give some examples in
Section V to illustrate the advantages of our method, before
concluding the paper in Section VI.
II. PRELIMINARIES
In this paper we will make use of the following notation;
In denotes the identity matrix of size n × n. When the
dimension is apparent from the context, the subscript will be
dropped. We denote by ei the i:th Euclidean standard basis
column vector, while 1 is a column vector where all entries
are 1. Furthermore, given a one-dimensional set of matri-
ces {Ai}i = {A1, A2, . . .}, we denote by blkdiag ({Ai}i)
the block-diagonal matrix formed by that set. Similarly,
for a two-dimensional set of matrices {Aij}ij , we write
fullmat ({Aij}ij) to indicate the block matrix whose (i, j)’th
block is Aij . When we write ΠiXi we mean the cross
product between sets, i.e. Π2i=1Xi = X1 ×X2 = {(x1, x2) :
x1 ∈ X1, x2 ∈ X2}. For two sets X and Y , we denote the
Minkowski sum by X ⊕ Y = {x+ y : x ∈ X , y ∈ Y}.
When we introduce matrix variables, we will use “(full)”,
“(sym)”, or “(diag)” to indicate if this matrix variable is a
full matrix, or restricted to being symmetric or diagonal. In
the case of symmetric matrices, we will write ∗ for entries
whose values follow from symmetry.
We now present three lemmas that are crucial to the
developments in later sections. First, we recall the following
result from [19] which we state without proof.
Lemma 1: Let R (sym), Z (sym), A (full) and B (full)
be arbitrary matrices. Then the following conditions are
equivalent
1) [
R AB
∗ Z
]
≻ 0. (1)
2)
∃X (sym) :
[
R A
∗ X−1
]
≻ 0,
[
X B
∗ Z
]
≻ 0 (2)
The usefulness of this lemma is to separate the matrix
product AB in the upper right entry of (1). However, the
introduced matrix variable X appears both as itself and its
inverse.
The next two lemmas are inspired by the same paper,
but we have altered the formulation to our purposes. For
completeness, we provide proofs in the Appendix.
Lemma 2: The following two statements are equivalent
1) [
CTXC Y
∗ Z
]
≻ 0 (3)
2) C is non-singular, X ≻ 0, and there exists Ψ such that[
CΨ+ΨTCT −X−1 ΨTY
∗ Z
]
≻ 0. (4)
Lemma 3: If there exist Θ (full), Γ (sym) and Ξ (sym)
such that
∆=˙ [ Γ Y∗ Ξ ] ≻ 0,
[
Z+Ξ [−X I ]Θ V
∗ Θ+ΘT−∆ 0
∗ ∗ W
]
≻ 0, (5)
then [
Z+XY+Y TXT V
∗ W
]
≻ 0. (6)
Remark 1: As is evident from the proof, if XΓXT is
added to the top left entry of the right hand matrix in (5),
the reverse implication also holds.
III. PROBLEM FORMULATION
As alluded to in Section I, as a first step in modular
local control design, we seek to find a separable invariant
set for a system, where the splitting into subsystems is given
beforehand. Specifically, we consider a discrete time system
of the form
xi(t+1) = Aiixi(t)+
∑
j 6=i
Aijxj(t)+Biui(t)+Eidi(t), (7)
for i = 1, . . . d, where xi ∈ Rni is the state of subsystem i.
As can be seen, each subsystem is associated with an input
ui ∈ Rmi and a disturbance di ∈ Rpi , both of which do not
affect other subsystems. We assume that the inputs of (7) are
bounded as
ui(t) ∈ Ui =˙ {ui : H
i
uui ≤ h
i
u}, H
i
u ∈ R
N iu×mi , (8)
for all i, and that there are bounds on disturbance given by
di(t) ∈ Di =˙ {di : −1 ≤ H
i
ddi ≤ 1}, (9)
where Hid ∈ Rpi×pi is a non-singular square matrix. We also
consider state constraints of the form
xi ∈ Si =˙ {xi : H
i
sxi ≤ h
i
s}, H
i
s ∈ R
N is×ni . (10)
We are now ready to state the first problem we seek to solve.
Problem 1: Given a set of dynamically coupled linear
subsystems (7) together with input constraints, disturbance
bounds and state constraints of the forms (8) - (10), find for
all i = 1, . . . , d sets Xi ⊂ Si such that
∀xi(t) ∈ Xi ∃ui(t) ∈ Ui ∀xj(t) ∈ Xj ∀di(t) ∈ Di,
xi(t+ 1) ∈ Xi.
(11)
This problem exhibits some interesting features due to its
circular nature. A solution is basically an assume-guarantee
protocol [20] where each subsystem guarantees that it will
limit its effect on other subsystems, under the assumption that
the other subsystems do the same. Due to this nature, it is not
trivial to find invariant sets using classical iterative methods
such as [21], [22]. The advantage of separable invariant sets,
once obtained, is that a controller for subsystem i will not
affect the safety of the other subsystems adversely as long as
xi remains in Xi. This allows for local control objectives to
be pursued as long as the constraints xi ∈ Xi are complied
with.
Here we outline two possible modifications to the problem
statement, which may be useful in applications. Firstly,
the formulation can be modified to reflect the information
availability for local controllers. While in Problem 1 the local
controllers have access only to their own state, there may be
situations where the state of some of the other subsystems
can be measured locally. In that case, this information
can be leveraged when computing a local control input.
Formally, such information availability can be incorporated
by swapping quantifiers for states and input in (11), and it can
be handled in our solution framework as explained later in
Remark 3. Secondly, it may be desirable to impose additional
constraints on the local invariant sets Xi. For instance, if
there are certain subsets Yi,j for some j = 1, . . . , ni,J of the
subsystem i that are known to be important for satisfaction
of local control objectives, it is possible to impose set
containment constraints of the form Xi ⊃ ∪
ni,J
j=1Yi,j in our
framework, as briefly discussed in Remark 4.
[
Γj Ψj
∗ Ξj
]
≻ 0,


Ξj−Φ
−1
j Ω
1
j−
[
H−1x 0
0 H−1x
]
Ω2j−
[
H−1x 0
0 H−1x
]
ΨTj
[
ZT ej
ZT ej
]
∗ 2[Λ 00 Λ ]−Γj [
Λ 0
0 Λ ]+(Ω
1
j )
T−Ψj 0
∗ ∗ Ω2j+(Ω
2
j )
T−Ξj 0
∗ ∗ ∗ λi(j)−1
TDjx1−1
TD
j
d
1

 ≻ 0, (13)
IV. MAIN RESULTS
A. Computation of separable invariant sets
In order to attack Problem 1, we restrict the description
in two ways. Firstly, we do not consider arbitrary nonlinear
controllers but search for sets that can be rendered invariant
by local feedback controllers ui = Kixi. Secondly, we
restrict the sets Xi to be symmetric zonotopes with a fixed
number of generators. Specifically, we search for invariant
sets Xi of the form
Xi =
{
xi : −1 ≤ ZiH
i
xxi ≤ 1
}
, (12)
where Zi ∈ RN
i
x×ni is an arbitrary given matrix and Hix ∈
R
ni×ni is non-singular. N ix gives the number of generators
of the zonotope describing the set Xi, whereas Hix is a
variable that represents an unknown linear transformation.
This description allows us to tune the complexity of the
invariant sets we search for.
Before stating the main result, we concatenate the in-
dexed variables introduced above to obtain a compact
representation of the overall system. Specifically, we let
A = fullmat ({Aij}ij), B = blkdiag ({Bi}i), K =
blkdiag ({Ki}i), E = blkdiag ({Ei}i), Z = blkdiag ({Zi}i),
Hx = blkdiag
(
{Hix}i
)
, Hu = blkdiag
(
{Hiu}i
)
,
hu = [(h
1
u)
T , . . . , (hdu)
T ]T , Hd = blkdiag
(
{Hid}i
)
,
Hs = blkdiag
(
{His}i
)
, hs = [(h
1
s)
T , . . . , (hds)
T ]T , x =
[ xT1 ··· x
T
d ]
T ∈ Rn, u = [ uT1 ··· uTd ]
T ∈ Rm and d =
[ dT1 ··· dTd ]
T ∈ Rp. The dimensions of these composed
variables become n =
∑
i ni and similarly for m and p. The
number of rows of Z , Hu, and Hs are Nx =
∑
iN
i
x, Nu =∑
iN
i
u and Ns =
∑
iN
i
s , respectively. For AK=˙A+ BK ,
the closed loop dynamics then become
x(t+ 1) = AKx(t) + Ed(t). (14)
The control and state constraints are given by X = ΠiXi
and D = ΠiDi, which can be compactly represented as
X = {x : −1 ≤ ZHxx ≤ 1},
D = {d : −1 ≤ Hdd ≤ 1}.
(15)
The conditions in Problem 1 can now be stated as follows
using set-theoretic constructs.
1) Separable invariance of closed loop system:
AKX ⊕ ED ⊂ X . (16)
2) State constraints:
X ⊂ ΠiSi = {x : Hsx ≤ hs}. (17)
3) Control constraints:
BKX ⊂ ΠiUi = {u : Huu ≤ hu}. (18)
Theorem 1: If there exists Λ=˙blkdiag
(
{Iniλi}
d
i=1
)
≻ 0,
and for all j = 1, . . . ,Nx there exist matrix variables Djx ≻ 0
(diag), Φ−1j (sym), Γj (sym), Ξj (sym), Ψj (full), Ω1j (full),
Ω2j (full), and for all k = 1, . . .Ns matrix variables Dks ≻ 0
(diag), and for all l = 1, . . .Nu matrix variables Dlu ≻ 0
(diag), such that LMI’s (13) and (19) - (21) are satisfied, then
the block diagonal pair (Hx, KˆHx) constitutes a solution to
Problem 1 when appropriately decomposed.[
ZTDjxZ 0
∗ Dj
d
− 12 (H
−T
x A
T+KˆTBT ) 0
0 − 12H
−T
d
ET
∗ [Φ−1j ]
]
≻ 0 (19)
[
ZTDksZ −
1
2H
−T
x H
T
s ek
∗ eTk hs−1
TDks1
]
≻ 0, (20)[
ZTDluZ −
1
2 Kˆ
THTu el
∗ eTl hu−1
TDlu1
]
≻ 0 (21)
Proof: Given in the appendix.
Remark 2: In (13), i(j) is used to denote the smallest
index i s.t. j ≤
∑i
k=1N
k
x .
Remark 3: The feedback matrix K was defined above to
be block diagonal, to only allow local state information to
influence the control signal computation. If more information
is available locally (i.e. the states of neighboring subsystems
are available to the controller), this restriction can be relaxed
by allowing additional non-zero blocks in K . We illustrate
this with an example in Section V-A where neighboring
subsystems are allowed to interchange state information.
Remark 4: Set containment constraints of the type Xi ⊃
∪
ni,j
j=1Yi,j can be handled similarly to the invariance con-
straint (16), at the cost of some additional conservatism. This
gives rise to three additional LMI’s on the same forms as
those in (13) and (20), but the details are omitted in this
paper.
Remark 5: A natural way to select Zi is to pick (randomly
or evenly spaced) unit vectors from Sni−1+ =˙{(g1, . . . gni) ∈
Sni−1 : g1 ≥ 0}, where Sn is the n-dimensional unit sphere.
Remark 6: The sizes of the matrices in (13) and (19) -
(21) are 4n× 4n, 6n+ 1× 6n+ 1, 4n× 4n, n+ 1× n+ 1
and n + 1 × n + 1, respectively. When there is no external
disturbance, there is no need to introduce the variables Did
and the sizes of the first three matrices reduce to 2n × 2n,
3n + 1 × 3n + 1 and 2n × 2n, which is a computationally
easier problem.
B. Using separable invariant sets for compositional synthe-
sis
In general, Kixi is not the unique control signal that
renders Xi invariant. By performing polytopic reachability
computations, the envelope of invariant-enforcing controls
can be extracted for a given point. For such a point x0i ∈
Xi, the set of all inputs that both satisfy the local control
constraints and guarantees invariance of Xi is the set of ui’s
that satisfy
[
Hiu
ZiH
i
xB
−ZiH
i
xB
]
ui ≤


hiu
1−HixAx
0
i−
∑
j 6=i
max
xj∈Xj
HixAijxj
−1+HixAx
0
i+
∑
j 6=i
min
xj∈Xj
HixAijxj

 , (22)
where the inequality should hold element-wise. By construc-
tion this set will be non-empty as long as x0i ∈ Xi. The
max and min terms in this expression can be found by
solving linear programs over the other invariant sets Xj ,
or by enumerating their vertices. This flexibility in control
signal selection can be exploited to design local controllers
separately in a compositional manner, for instance with the
goal of performing local control tasks. In what follows we
assume that the local task specifications are given in terms of
linear temporal logic (LTL) over atomic propositions defined
on the state-spaces of individual subsystems.1 To summarize,
by construction we have the following result which enables
local controller synthesis with global guarantees.
Proposition 1: For a given system in the form (7) - (10),
let Xi be invariant sets that satisfy the requirements of
Problem 1, and let ϕi be a local LTL specification for
subsystem i for i = 1, . . . , d. Furthermore, for i = 1, . . . , d,
let ui : Xi → Ui be local controllers that generate closed
loop trajectories that satisfy ϕi while also satisfying the
(state-dependent) input constraint (22). Then, the composed
control u .= [u1, . . . ud] : ΠiXi → ΠiUi generates closed
loop behaviors of the overall system that satisfy ∧iϕi.
C. Discussion about conservativeness
For the separable invariant set computation, conservative-
ness enters the proof of Theorem 1 at two places. First,
a positive term Λ¯−1H¯−Tx ΓjH¯−1x Λ−1 is thrown away when
Lemma 3 is used on (44). Secondly, instead of allowing an
arbitrary Θj in (45), the upper two blocks of Θj is restricted
to be equal to Λ to make the resulting inequality linear.
While it is easy ex post to evaluate the effect of ignoring the
positive term by looking at its magnitude, it is more subtle
how much conservativeness that is introduced by restricting
Θj . Once an initial solution is obtained, it can be iteratively
updated as in [19] by using the values of LMI variables
Φ0j and H0x from a previous iteration. The idea is to use a
different matrix inverse identity than the one employed in
the proof Lemma 3. The result is that the only term that
needs to be discarded, and thus introduces conservativeness,
is a quadratic term that is small if Φ0j and Φj , and H¯x and
H¯0x , are close. Therefore a solution can be iteratively updated
without much conservativeness by performing small steps.
For the overall synthesis problem, first computing the
local invariant sets and then trying to solve local synthesis
problems in each invariant set is clearly more conservative
than trying to synthesize local controllers by taking into
1Note that the choice of LTL for specifying local tasks is arbitrary; other
specification languages can be used as well. Therefore, we skip the details
of LTL and refer the interested readers to [23].
account all the interactions. However, there are trade-offs
between conservativeness, modularity of the local control de-
sign and computational complexity. Correct-by-construction
control synthesis from temporal logic specifications is com-
putationally challenging for high dimensional systems in
general [6], [16]. Therefore, decomposing the problem into
smaller subproblems per subsystem improves scalability [2].
Moreover, the local robust controlled invariant sets provide
a modular framework in that it is possible to replace an
existing local controller for a subsystem, for instance in order
to pursue a different local control objective, without needing
to resynthesize the rest of the local controllers.
V. EXAMPLES
We illustrate the applicability of this approach on a
few examples. First, in Section V-A we compute separa-
ble invariant sets for two different systems. Thanks to the
increased flexibility in our set description, we are able to
solve problems where the geometry is not compatible with
linearly transformed hyper boxes. Then, in Section V-B, we
look at a system of connected mobile robots and show how
our framework allows local control tasks to be performed
while guaranteeing overall safety.
A. Finding invariant sets
The dynamics of our first example are as follows. For each
subsystem xi ∈ R2, the evolution consists of a rotational part
and disturbance coming both from the other subsystems and
from an additive term.
xi(t+ 1) = αiR(θ)xi(t) + ui(t) +
∑
i6=j
βijxj + di(t). (23)
Here R(θ) ∈ SO(2) is the (counter-clockwise) rotation
matrix. The input ui ∈ R2 and disturbance di ∈ R2 are
bounded by ‖ui‖∞ ≤ umax, i and ‖di‖∞ ≤ dmax, i.
We solved the LMI’s in Theorem 1 for a system with
three subsystems and parameters θ = pi/4, αi = 0.8,
βij = 0.1 for |i − j| = 1 and 0 otherwise, umax,i = 0.65,
dmax,i = 0.4 for all i, j, with state constraints ‖xi‖∞ ≤ 1,
and for Z = [z1, z2, . . . , z8]T , where zk are randomly chosen
unit vectors in S1+ (c.f. Remark 5). The resulting robustly
controlled invariant sets that are depicted in Fig. 1 were
computed in 11 seconds.
Due to the rotational geometry of this problem, the addi-
tional set flexibility introduced by the Z matrix is crucial in
order to achieve feasibility. Indeed, we were not able to find
decoupled invariant sets consisting of linearly transformed
hyper boxes using our implementation of the previous work
[19].
Next, we present another example of finding invariant sets,
this time for an array of N undisturbed inverted pendulums
connected by springs and dampers, an example taken from
[13]. A pendulum at position i in the interior of the array
(i.e. i 6∈ {1, N}) is described by the states (θi, θ˙i) and has
the linearized dynamics[
θ˙i
θ¨i
]
=
[
0 1
−2k −2c
] [ θi
θ˙i
]
+
[
0
ui
]
+ [ 0 0k c ]
[
θi+1+θi−1
θ˙i+1+θ˙i−1
]
. (24)
−1 0 1
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x11
x12
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−1 0 1
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Fig. 1: Invariant sets for interconnected rotational systems. The
invariant sets X1, X2 and X3 are plotted in red. The sets of possible
successor states when using the jointly synthesized feedback con-
troller are depicted in blue. Since the possible successor states are
contained inside the red sets, these are indeed robustly controlled
invariant. As can be seen, the successor states set for the “middle”
subsystem is slightly larger because that system is affected by
“disturbance” from both neighboring subsystems.
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−1
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0
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1
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Fig. 2: Invariant sets (red) for interconnected pendulums at positions
1, 2, and 3, together with possible successor states (blue) when the
jointly synthesized feedback controller is used. The sets pertaining
to pendulums at positions 4 and 5 are symmetric to those at
positions 2 and 1, respectively.
The pendulum at position 1 is only connected to the pendu-
lum at position 2 and has the dynamics[
θ˙1
θ¨1
]
= [ 0 1k c ]
[
θ1
θ˙1
]
+
[
0
u1
]
+ [ 0 0k c ]
[
θ2
θ˙2
]
, (25)
and symmetrically for the pendulum at position N . We used
the same parameter values as in the cited paper which were
as follows. The spring and damper parameters are set to
k = c = 3, and we discretized the continuous time dynamics
using a time step ∆t = 0.1 s using Euler forward. We
imposed input bounds of |ui| < 10 for all i and state
constraints max(|θi|, |θ˙i|) ≤ 1 and allowed the input of
pendulum i to depend on the states of pendulums i − 1, i
and i+1 (i.e. relaxing K to be a tri-block diagonal matrix).
For N = 5, and 6 generators per subsystem, we obtained the
invariant sets depicted in Fig. 2 after finding an initial solu-
tion from the LMI’s in Theorem 1 and iteratively updating
it as described in Section IV-C. The total computation time
for initial solution and 5 iterations was 28 s.
B. Local synthesis inside invariant sets
Next, we consider a scenario involving a tethered UAV and
a ground vehicle, where each vehicle is given a surveillance
task that requires visiting certain regions infinitely often.
The tether can be used to power the UAV to significantly
increase the duration it is airborne, however it induces
dynamic coupling between the UAV and the ground vehicle.
This coupling is modeled as a spring. For simplicity, the
vehicles are modeled as double integrators and their motion
−0.5 0 0.5
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0
0.2
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v1x
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−0.2
0
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x2
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Fig. 3: Invariant sets for toy robot/UAV example.
is constrained to one dimension:
 x
1(t+1)
v1x(t+1)
x2(t+1)
v2x(t+1)

 = [ 1 1 0 0k 1 −k 00 0 1 1
−k 0 k 1
] x
1(t)
v1x(t)
x2(t)
v2x(t)

+ [ 0 01 00 0
1 0
] [
u1
u2
]
. (26)
Our objective is to find separable invariant sets for the two
subsystems (x1, v1x) and (x2, v2x) and then let each system
perform additional control objectives while still guaranteeing
overall invariance. Using a small coupling k = 0.1 and a
bound ‖u‖∞ ≤ 0.3, we could in 1.7 s compute the invariant
sets depicted in Fig. 3 that consist of 5 zonotope generators
each.
We now illustrate how additional control objectives can
be modularly realized inside these sets. Let X1,X2 be
the invariant set pertaining to the subsystem (x1, v1x). We
consider a surveillance-like task where the ground robot
is required to visit the goal sets G+1 , G−1 ⊂ X1 infinitely
often; whereas the UAV is required to visit G+2 , G
−
2 ⊂ X2
infinitely often, where the goal sets are taken to be G±1 =
{(±x1, v1x) : x
1 ∈ [0.2, 0.35]} and G±2 = {(±x2, v2x) : x2 ∈
[0.05, 0.18]}. The local objectives can be expressed in LTL
as ϕi = ♦G
+
i ∧♦G
−
i for i = 1, 2.
We use reachability computations similar to [18] to syn-
thesize the local controllers, but any LTL synthesis method
can be used in this step. Fig. 4 depicts G±i , together with
robust (with respect to “disturbance” induced from the other
subsystem) backwards reachable sets of G−i contained inside
Xi in lighter green (the backwards reachable sets from G+i
are symmetric). Since the sets from where G−i is reachable
eventually cover G+i , together with the fact that G
+
i is
reachable from G−i by symmetry, the specification is real-
izable. Fig. 5 shows trajectories of a simulation where both
systems satisfy their control objectives, while simultaneously
countering the “disturbance” they cause each other.
Now, assume the task specification for the UAV changes
to ϕ′2 = ♦G
′
2 ∧ ♦G
′′
2 , with G′2 = {(x2, v2x) : x2 ∈
[−0.18,−0.05]} and G′′2 = {(x2, v2x) : x2 ∈ [0.18, 0.33]}.
By construction of the invariant sets, if a new controller can
be synthesized for the UAV, the new specification ϕ1 ∧ ϕ′2
is guaranteed to be satisfied without making any changes
to the controller of the ground robot, despite the potentially
different “disturbance” inputs it gets from the UAV. Fig. 6
shows the trajectories of a simulation of this new scenario
where both systems satisfy their control objectives.
An interesting feature of this problem is that if the
invariant sets are increased in size, these control objectives
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Fig. 4: Illustration of a simple synthesis problem inside one of
the invariant sets. For i = 1 (left) and i = 2 (right), the goal
sets G−i , G
+
i are shown in green, blue. The light green sets depict
regions from where G−i is reachable.
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Fig. 5: Subsystem trajectories that visit given regions (marked with
red, blue) infinitely often.
can no longer be realized using this kind of decentralized
controllers. As the sizes of the sets increase, more control
effort must be reserved for countering the increasing “dis-
turbance” from the other subsystem and hence there is less
freedom to pursue more sophisticated control objectives.
VI. CONCLUSIONS
In this paper, we proposed a two-step approach for modu-
lar control design for dynamically coupled linear subsystems
with local state and input constraints. The idea is to first
compute a separable controlled invariant set consisting of
local robust controlled invariant sets for each subsystem to
“decouple” the subsystem dynamics, and then to use these
local invariant sets to separately synthesize local controllers
0 20 40 60 80 100
−0.4
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Fig. 6: Re-synthesis can be done separately for the different
subsystems, thanks to the inherent robust modularity. The plot
shows the same simulation as in Fig. 5, but with a different local
control objective for the UAV.
to achieve local tasks. By construction, this approach guar-
antees correctness when the local controllers are composed
together. We proposed LMI based sufficient conditions for
computation of the separable controlled invariant set. The
proposed invariant set computation scheme is quite flexible
as it allows for (i) incorporating external disturbances, (ii)
handling different communication constraints (i.e., which
states each local controller has access to), and (iii) tuning the
complexity of the invariant set description. As demonstrated
by examples, this flexibility allows us to find invariant
sets even when known polytopic invariant set construction
schemes fail.
There are several directions for future work. On the
theoretical side, we are interested in characterizing systems
that admit separable invariant sets. There are recent results
on characterizations of systems with separable Lyapunov
functions [24]. We are working on extending some of these
results to the controlled setting considered in this paper.
Automatically decomposing a complex system into subsys-
tems that admit local invariant sets is another direction.
On the computational side, we used off-the-shelf convex
optimization solvers to compute the invariant sets. It is
possible to exploit the structure in the LMI formulation to
increase the efficiency of the computation. In particular, we
are currently working on implementing our solution using
alternating direction method of multipliers [25], which will
allow the invariant set computation to be performed in a
distributed manner as well.
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APPENDIX
A. Proof of Lemma 2
We prove that the following two statements are equivalent
1)
[X Y∗ Z ] ≻ 0 (27)
2) X ≻ 0 and there exists Ψ (full) such that[
ΨT+Ψ−X−1 ΨTY
∗ Z
]
≻ 0. (28)
Then Lemma 2 follows by replacing X 7→ CTXC in (28),
the congruency transform blkdiag ({C, I}) and re-defining
CΨT 7→ ΨT .
(1 → 2): First note that (27) implies that X ≻ 0 by a
Schur complement argument. By a congruency transform,
(27) is equivalent to
∀ Ψ non-singular,
[
ΨTXΨ ΨTY
∗ Z
]
≻ 0. (29)
Since X is invertible we can write ΨTXΨ = ΨT + Ψ −
X−1+(Ψ−X)TX−1(Ψ−X). Substituting this expression
in (29) and choosing Ψ as the (non-singular) matrix X which
eliminates the last term shows that there exists Ψ such that
(28) holds.
(2 → 1): Assuming that (28) holds, we can “add back”
the positive term (Ψ−X)TX−1(Ψ−X) to the top left entry
to obtain that
∃Ψ s.t.
[
ΨTXΨ ΨTY
∗ Z
]
≻ 0. (30)
A contradiction argument shows that Ψ is non-singular, so
we can apply a congruency transform that eliminates Ψ.
B. Proof of Lemma 3
Adding the positive definite terms XΓXT to the top left
block and (Θ − ∆)T∆−1(Θ − ∆) to the middle block
of (5) preserves positive definiteness. Using the identity
ΘT∆−1Θ = Θ + ΘT − ∆ + (Θ − ∆)T∆−1(Θ − ∆) then
implies that [
Z+Ξ+XΓXT [−X I ]Θ V
∗ ΘT∆−1Θ 0
∗ ∗ W
]
≻ 0. (31)
A contradiction argument shows that Θ is non-singular. The
congruency transform
[
I 0 0
0 0 I
0 Θ−T 0
]
then gives[
Z+Ξ+XΓXT V [−X I ]
∗ W 0
∗ ∗ ∆−1
]
≻ 0. (32)
Applying a Schur complement finally implies that
0 ≺
[
Z+Ξ+XΓXT V
∗ W
]
− [−X I ] ∆
[
XT
I
]
=
[
Z+XY+Y TXT V
∗ W
]
.
(33)
C. Proof of Theorem 1
We verify that the satisfaction of the LMI’s given in the
theorem statement guarantee (16) - (18), starting with (16).
Because of symmetry, x ∈ X if and only if −x ∈ X , and
similarly for D. Therefore it follows that (16) holds if and
only if
eTj ZHx(AKx+ Ed)− 1 ≤ 0 (34)
for all x ∈ X , d ∈ D and for all j = 1, . . .Nx. Furthermore
note that x ∈ X if and only if for all diagonal Dx ≻ 0
(1− ZHxx)
TDx(1+ ZHxx) ≥ 0. (35)
Similarly, d ∈ D if and only if for all diagonal Dd ≻ 0
(1−Hdd)
TDd(1+Hdd) ≥ 0. (36)
The next step is to employ the S Procedure. To prepare for
this, we express the left hand side of (34) in terms of the
quadratic forms in (35)-(36) and an additional quadratic term:
eTj ZHxAKx+ e
T
j ZHxEd− 1
= −(1− ZHxx)
T D˜jx(1+ ZHxx)
− (1− ZHdd)
T D˜jd(1+ ZHdd)
−
[
xT dT 1
]
Ljx(D˜
j
x, D˜
j
d)
[
xT dT 1
]T
,
(37)
for D˜jx ≻ 0 (diag), D˜jd ≻ 0 (diag) and
Ljx(D˜
j
x, D˜
j
d) =
[
HTx Z
T D˜
j
xZHx 0 −
1
2
ATKH
T
x Z
T ej
∗ HT
d
D˜
j
d
Hd −
1
2
ET HTx Z
T ej
∗ ∗ 1−1T D˜
j
x1−1
T D˜
j
d
1
]
. (38)
An application of the S procedure [26] shows that (16) holds
if and only if for all j = 1, . . .Nx there exist D˜jx ≻ 0 (diag)
and D˜jd ≻ 0 (diag) such that Ljx(D˜jx, D˜jd) ≻ 0.
Next, we use Lemma 1 which implies that (16) holds if
and only if for all j = 1, . . .Nx there exist D˜jx ≻ 0 (diag),
D˜jd ≻ 0 (diag), and Φj (sym) such that
M1=˙
[
HTx Z
T D˜jxZHx 0
∗ HTd D˜
j
d
Hd
− 12A
T
K 0
0 − 12E
T
∗ [Φ˜−1j ]
]
≻ 0, (39)
M2=˙
[
Φ˜j
[
HTx Z
T ej
HTx Z
T ej
]
∗ 1−1T D˜jx1−1
T D˜
j
d
1
]
≻ 0. (40)
In the remaining part of the proof, these two matrix inequal-
ities are turned into LMI’s.
a) Treatment of M2: Let H¯x = blkdiag ({Hx, Hx})
and apply the congruency transform blkdiag
(
{H¯−Tx , I}
)
on
M2 to obtain the equivalent condition[
H¯−Tx Φ˜jH¯
−1
x
[
ZT ej
ZT ej
]
∗ 1−1T D˜jx1−1
T D˜
j
d
1
]
≻ 0. (41)
Multiply the matrix in (41) with a scalar λi(j) > 0, where
i(j) is the index of the subsystem corresponding to the jth
inequality in Z , and redefine Φj = λi(j)Φ˜j , Djx = λi(j)D˜jx,
Djd = λi(j)D˜
j
d. Note that since ZT is block diagonal,
we have for Λ = blkdiag
(
{Iniλi}
d
i=1
)
that ΛZT ej =
λi(j)Z
T ej . This results in[
H¯−Tx ΦjH¯
−1
x
[
ΛZT ej
ΛZT ej
]
∗ λj−1
TDjx1−1
TD
j
d
1
]
≻ 0. (42)
For Λ¯ = blkdiag ({Λ,Λ}) apply the congruency transform
blkdiag
(
{Λ¯−T , I}
)
:[
Λ¯−T H¯−Tx ΦjH¯
−1
x Λ
−1
[
ZT ej
ZT ej
]
∗ λj−1
TDjx1−1
TD
j
d
1
]
≻ 0. (43)
We now apply Lemma 2 which implies that (40) holds if and
only if there exist Φj (sym) and Ψj (full) such that[
ΨTj Λ¯
−T H¯−Tx +H¯
−1
x Λ¯
−1Ψj−Φ
−1
j
ΨTj
[
ZT ej
ZT ej
]
∗ 1−1TDjx1−1
TD
j
d
1
]
≻ 0. (44)
Finally, we use Lemma 3 to obtain the necessary condition
∆j=˙
[
Γj Ψj
∗ Ξj
]
≻ 0,
−Φ˜−1j +Ξj [−H¯−1Λ¯−1 I ]Θj ΨTj
[
ZT ej
ZT ej
]
∗ Θj+Θ
T
j −∆j 0
∗ ∗ 1−1TDjx1−1
TD
j
d
1

 ≻ 0. (45)
By further restricting to Θj =
[
Λ¯ Λ¯
Ω1j Ω
2
j
]
, we obtain the LMIs
in (13).
b) Treatment of M1: Apply the congruency transform
blkdiag
(
{λi(j)H
−T
x , λi(j)H
−T
d , Iλ
−1
i(j)}
)
to obtain
[ [
ZT λi(j)D˜
j
xZ 0
∗ λi(j)D˜
j
d
] [
−
1
2
H−Tx A
T
K 0
0 − 1
2
H
−T
d
ET
]
∗ λ
−1
i(j)
Φ˜
−1
j
]
≻ 0. (46)
Note that H−Tx ATK = ((A + BK)H−1x )T = (AH−1x +
BKˆ)T , for Kˆ = KH−1x . Thus after the same re-definitions
as above for D˜jx, D˜
j
d and Φ˜j , we get the LMI (19).
We move on to finding an expression that ensures (17).
As before, we write for k = 1, . . .Ns
eTk (Hsx− hs)
= −(1− ZHxx)
TDks (1+ ZHxx)
−
[
xT 1
]
Lks(D
k
s )
[
xT 1
]T
,
(47)
for
Lks (D
k
s ) =
[
HTx Z
TDksZHx −
1
2H
T
s ek
∗ eTk hs−1
TDks1
]
. (48)
The S procedure applies in the same way as before and by the
congruency transform blkdiag
(
{H−Tx , I}
)
we get the LMI
(20) which represents necessary and sufficient conditions for
(17).
Finally, the input constraints are handled similarly, that is,
condition (18) is satisfied if and only if for all l = 1, . . .Nu,
eTl (HuKx− hu) ≤ 0 (49)
for all x ∈ X . By the S procedure this can be translated into
the positive definiteness of the matrix[
HTx Z
TDluZHx −
1
2K
THTu el
∗ eTl hu−1
TDlu1
]
≻ 0. (50)
Applying the congruency transform blkdiag
(
H−Tx , I
)
gives
(21) for the same Kˆ as before.
We now argue that (Hx, KˆHx) that satisfy (13) and (19)
- (21) are indeed a solution to Problem 1. By definition,
both Hx and KˆHx are block diagonal in the sizes of the
subsystems, so we can extract sets Xi (from blocks of Hx)
and local feedback controllers Ki (from blocks of KˆHx)
that render Xi invariant. The feedback controller provides
for each xi ∈ Xi a control Kixi that enforces invariance of
Xi. This shows that (11) is satisfied.
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